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Abstract. The reduced support vector machine was proposed for the
practical objective that overcomes the computational difficulties as well
as reduces the model complexity by generating a nonlinear separating
surface for a massive dataset. It has been successfully applied to other
kernel-based learning algorithms. Also, there are experimental studies on
RSVM that showed the efficiency of RSVM. In this paper we propose a
robust method to build the model of RSVM via RBF (Gaussian kernel)
construction. Applying clustering algorithm to each class, we can gener-
ate cluster centroids of each class and use them to form the reduced set
for RSVM. We also estimate the approximate density for each cluster to
get the parameter used in Gaussian kernel. Under the compatible classifi-
cation performance on the test set, our method selects a smaller reduced
set than the one via random selection scheme. Moreover, it determines
the kernel parameter automatically and individually for each point in the
reduced set while the RSVM used a common kernel parameter which is
determined by a tuning procedure.
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1 Introduction

In recent years support vector machines (SVMs) with linear or nonlinear kernels
[1, 3, 10] have become one of the most promising learning algorithms. For the bi-
nary classification problems, SVMs are able to construct a nonlinear separating
surface (if it is necessary), which is implicitly defined by a kernel function [10].
However, there are some major computational difficulties such as huge memory
usage and long CPU time, in generating a nonlinear SVM classifier for a mas-
sive dataset. To overcome these difficulties the reduced support vector machine
(RSVM) [4] was proposed.
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In this paper, we apply the k-means clustering algorithm to each class to
generate cluster centroids of each class and then use them to form the reduced
set that is randomly selected in RSVM [4]. One of the most important ideas of
SVM is kernel technique that uses a kernel function to represent the inner prod-
uct of two data points in the feature space after a nonlinear mapping. We will
use the Gaussian kernel through this paper. The value of the Gaussian kernel
can be interpreted as a measure of similarity between data points. In this case,
the reduced kernel matrix records the similarity between the reduced set and
the entire training dataset. This observation inspires us to select the most repre-
sentative points of the entire training dataset to form the reduced set. Using the
cluster centroids should be an intuitive heuristic. In order to catch the character-
istic of each class we run the clustering algorithm on each class separately. This
idea originally comes from [6]. The Gaussian kernel function contains a tuning
parameter σ, which determines the shape of the kernel function. Choosing this
tuning parameter is called the model selection which is a very important issue in
nonlinear support vector machine. A smaller value of this parameter will give a
better discriminate ability on training examples while may cause the overfitting
risk, fitting the training data too well but losing the prediction ability on unseen
data. In practice, the conventional SVM as well as RSVM determines this tuning
parameter which is commonly used in kernel function via a tuning procedure [2].
While, in our approach the kernel parameter is determined automatically and
individually for each point in the reduced set. This can be achieved by esti-
mating the approximate density of each resulting cluster [9]. Once we have the
reduced kernel matrix, we apply smooth support vector machine [4] to generate
the final classifier. We apply our method on four benchmark datasets from the
UCI Machine Learning Repository [8] and the face detection dataset1. Under
the compatible classification performance on the test set, our method selects
a smaller reduced set than the one via random selection scheme. Moreover, it
determines the kernel parameter automatically and individually for each point
in the reduced set while the RSVM used a common kernel parameter which is
determined by a tuning procedure.

We briefly outline the contents of the paper and a word about our notation
is given below. Section 2 provides the main idea and formulation for RSVM. In
Section 3, we explain why we could use the former research results of RBFN, and
describe our algorithm. The experimental results of our method are presented in
Section 4. In Section 5, we conclude this paper. All notations used in the paper
are listed as follows. All vectors will be column vectors unless otherwise specified
or transposed to a row vector by a prime superscript ′. The plus function x+ is
defined as (x)+ = max {0, x}. The scalar (inner) product of two vectors x and
z in the n-dimensional real space Rn will be denoted by x′z and the p-norm
of x will be denoted by ‖x‖p. For a matrix A ∈ Rm×n, Ai is the ith row of A
which is a row vector in Rn. A column vector of ones of arbitrary dimension
will be denoted by e. For A ∈ Rm×n and B ∈ Rn×l, the kernel K(A,B) maps
Rm×n ×Rn×l into Rm×l. In particular, K(x′, z) is a real number, K(x′, A′) is a
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row vector in Rm, K(A, x) is a column vector in Rm and K(A,A′) is an m×m
matrix. The base of the natural logarithm will be denoted by ε.

2 Reduced Support Vector Machines

We now briefly describe the RSVM formulation, which is derived from the gen-
eralized support vector machine (GSVM) [7] and the smooth support vector ma-
chine (SSVM) [5]. We are given a training dataset {(xi, yi)}m

i=1, where xi ∈ Rn is
an input data point and yi ∈ {−1, 1} is class label, indicating one of two classes,
A− and A+, to which the input point belongs. We represent these data points
by an m × n matrix A, where the ith row of the matrix A, Ai, corresponds to
the ith data point. We denote alternately Ai (a row vector) and xi (a column
vector) for the same ith data point. We use an m×m diagonal matrix D defined
by Dii = yi to specify the membership of each input point. The main goal of
the classification problem is to find a classifier that can predict the label of new
unseen data points correctly. This can be achieved by constructing a linear or
nonlinear separating surface, f(x) = 0, which is implicitly defined by a kernel
function. We classify a test point x belonging to A+ if f(x) ≥ 0, otherwise x
belonging to A−. We will focus on the nonlinear case that is implicitly defined
by a Gaussian kernel function. The RSVM solves the following unconstrained
minimization problem

min
(v̄,γ)∈Rm̄+1

ν

2
‖p(e−D(Kσ(A, Ā′)v̄ − eγ), α)‖22 +

1
2
(v̄′v̄ + γ2), (1)

where the function p(x, α) is a very accurate smooth approximation to (x)+ [5],
which is applied to each component of the vector e −D(Kσ(A, Ā′)v̄ − eγ) and
is defined componentwise by

p(x, α) = x +
1
α

log(1 + ε−αx), α > 0. (2)

The function p(x, α) converges to (x)+ as α goes to infinity. The reduced kernel
matrix Kσ(A, Ā′) ∈ Rm×m̄ in (1) is defined by

Kσ(A, Ā′)ij = ε
−
||Ai − Āj ||22

2σ2 , (3)

where Ā is the reduced set that is randomly selected from A in RSVM [5]. The
positive tuning parameter ν here controls the tradeoff between the classification
error and the suppression of (v̄, γ). Since RSVM has reduced the model com-
plexity via using a much smaller rectangular kernel matrix we will suggest using
a larger tuning parameter ν here. The solution of this minimization problem (1)
for v̄ and γ leads to the nonlinear separating surface

f(x) = v̄′Kσ(Ā, x)− γ =
m̄∑

i=1

v̄iKσ(Āi, x)− γ = 0. (4)



The minimization problem (1) can be solved via the Newton-Armijo method [5]
directly and the existence and uniqueness of the optimal solution of this problem
are also guaranteed. We note that this nonlinear separating surface (4) is a linear
combination of a set of kernel functions

{
1,Kσ(Ā1, ·), Kσ(Ā2, ·), · · · ,Kσ(Ām̄, ·)},

where σ is the kernel parameter of each kernel function. In next section, we will
apply the k-means algorithm to each class to generate cluster centroids and then
use these centroids to form the reduced set. Moreover we also give a formula to
determine the kernel parameter σ for each point in the reduced set automatically.

3 Clustering Reduced Support Vector Machine

We propose our new algorithm, Clustering RSVM (CRSVM), that combines
the RSVM [4] and RBF networks algorithm together. The most popular RBF
networks can be describe as

f(x) = w0 +
m̄∑

h=1

wh ε
−
||x− ch||22

2σ2
h , (5)

where ch = (ch
1 , ch

2 , ..., ch
n) is also a vector in the n-dimensional vector space and

||x−ch||2 is the distance between training (test) vectors x and ch. We can use the
same decision rule in previous section for binary classification. That is, we classify
a test point x belonging to A+ if f(x) ≥ 0, otherwise x belonging to A−. By
RBFN approaches, we have to choose three parameters (ch, σh ,wh) in equation
(5) based on the training dataset. For the first two parameters, many RBFN
approaches were proposed that apply variant clustering algorithms such as k-
means to training set to generate the cluster centroids as ch. The parameter σh is
estimated based upon the distribution of clusters. Based on uniform distribution
assumption, [9] estimates σh as

σh =
R(ch) · δ · √π

n
√

(r + 1)Γ (n
2 + 1)

, where δ · √π = 1.6210 (6)

and R(ch) is defined as

R(ch) =
n + 1

n
(
1
r

r∑
q=1

||x̂q − ch||2), (7)

where x̂1, . . . , x̂r are the r nearest samples to the cluster centroid ch. If the clus-
ter size is smaller than r, we use the all examples in this cluster to compute R̄(ch).

When the first two type-variables are selected, RBFN is trained to get the wh

and the estimation of σh as kernel parameter to generate the reduced kernel
matrix [9]. We proposed a variant RSVM method that uses clustering centroids
as reduced set. The Clustering Reduced Support Vector Machine (CRSVM) al-
gorithm is described below.



Algorithm 3.1 Clustering Reduced Support Vector Machine:

Let k be the number of cluster centroids for each class and r be a positive integer.
STEP1. For each class, runs k-means algorithm to find the cluster centroids ch.
Use the clustering results to form the reduced set Ā = [c1c2...c2k]′.
STEP2. For each centroid ch, computes the corresponding kernel parameter σh

using the formula (6, 7).
STEP3. Let Ai denote the ith training point, use the resulting parameters
from STEPs 1 and 2 to construct the rectangular kernel matrix Kσ(A, Ā′)ih =

ε
− ||Ai−ch||22

2σ2
h , where K ∈ Rm×2k, for i = 1, 2, ..., m and j = 1, 2, ..., 2k.

STEP4. Apply the Newton-Armijo Algorithm [4] to solve the problem (1),
where Kσ(A, Ā′) is the reduced kernel matrix obtained in Step 3.
STEP5. The separating surface is given as formula (4), where (v̄∗, γ∗) ∈ Rm̄+1

is the unique solution of problem (1) that got from Step 4.
STEP6. A new unseen data point x ∈ Rn is classified as class +1 if v̄∗′Kσ(Ā, x)−
γ∗ ≥ 0, otherwise x is classified as class -1.

The conventional SVMs as well as RSVM determine parameter used in kernel
function via a tuning procedure [2]. While, in our approach the kernel parameter
is determined automatically and individually for each point in the reduced set.
This can be achieved by estimating the approximate density of each resulting
cluster [9]. The numerical results are shown in Section 4.

4 Numerical Results

We normalized the dataset such that each attribute has 0-mean and 1-deviation,
so that we can assume that each attribute has the similar contribution to the
Gaussian kernel. In our experiment, the normalization procedure is very crucial.

The numerical results on four benchmark datasets and a real one are shown
in Table 1. SSVM stands for nonlinear smooth support vector machine with full
kernel. RSVM1 and RSVM2 stand for RSVM [4] with different size of reduced
set. CRSVM used the same size of reduced set with RSVM1 which is smaller
than the one used in RSVM2. We note that CRSVM only used a smaller reduced
set than random selection scheme with compatible classification performance.

Classifier CRSVM RSVM1 RSVM2 full kernel SSVM
correctness(%) correctness(%) correctness(%) correctness(%)

Dataset m̄, time(sec.) m̄, time(sec.) m̄, time(sec.) m, time(sec.)
Ionosphere 95.7 94.4 95.19 94.35
351× 34 14, 2.98 14, 2.52 35, 3.64 351, 40.16
BUPA 73.4 70.4 74.86 73.62
345× 6 14, 2.51 14, 1.31 35, 4.31 345, 34.25
Pima 77.6 77.8 78.64 76.59

768× 8 30, 12.3 30, 6.31 50, 7.47 768, 234.8
Cleveland 85.7 84.1 86.47 85.92
297× 13 12, 1.93 12, 1.01 30, 3.47 297, 27.14

Face Detection 98.2 95.2 96.7 96.7
6977× 361 16, 280.97 16, 125.3 24, 205.4 6977, out of memory

Table 1. Results of benchmarks (Test set correctness of ten-fold cross validation).



5 Conclusion

In this paper we propose a robust method to build the model of RSVM via RBF
(Gaussian kernel) construction. Applying clustering algorithm to each class, we
can generate cluster centroids of each class and use them to form the reduced
set for RSVM. We also estimate the approximate density for each cluster to
get the kernel parameter that is used in Gaussian kernel. Under the compatible
classification performance on the test set, our method selects a smaller reduced
set than the one via random selection scheme. Moreover, it determines the kernel
parameter automatically and individually for each point in the reduced set while
the RSVM used a common kernel parameter which is determined by a tuning
procedure.
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